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Abstract
According to the three notions of mixed affine surface area, Lp-affine surface area and Lp-mixed affine
surface area proposed by Lutwak, in this article, we give the concept of ith Lp-mixed affine surface area
such that the first and second notions of Lutwak are its special cases. Further, some Lutwak’s results are
extended associated with this concept. Besides, applying this concept, we establish an inequality for the
volumes and dual quermassintegrals of a class of star bodies.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
During the past three decades, the investigations of the classical affine surface area have
received great attention from many articles (see articles [3–6,8,9,11,12,14,15,19,22,24] or
books [7,21]). Based on the classical affine surface area, Lutwak [13] introduced the notion of
mixed affine surface area and obtained some isoperimetric inequalities for this notion. In 1996,
Lutwak [17] showed the notion of Lp-affine surface area and gave its many results including
the Blaschke–Santaló inequality; and meanwhile, he defined the Lp-mixed affine surface area
✩ Research is supported in part by the Natural Science Foundation of China (Grant No. 10271071) and Academic
Mainstay Foundation of Hubei Province of China (Grant No. 2003A005).
* Corresponding author.
E-mail address: wangwd722@eyou.com (W. Wang).0022-247X/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2007.01.046
342 W. Wang, G. Leng / J. Math. Anal. Appl. 335 (2007) 341–354(called the mixed p-affine surface area). Regarding the studies of Lp-affine surface area also
see [18,23].
The main purpose of this article is to show the notion of ith (i is any real) Lp-mixed affine
surface area, and obtain some inequalities which are the extensions of parts of Lutwak’s results
in [13,14,17] by using the above notion. Especially, we establish an inequality for the volumes
and dual quermassintegrals of a class of star bodies.
Let Kn denote the set of convex bodies (compact, convex subsets with nonempty interiors)
in Euclidean space Rn. For the set of convex bodies containing the origin in their interiors and
the set of origin-symmetric convex bodies in Rn, we write Kno and Kns , respectively. Let Sn−1
denote the unit sphere in Rn and V (K) the n-dimensional volume of body K , for the standard
unit ball B in Rn, denote ωn = V (B).
Suppose that R is the set of real numbers. A convex body K ∈Kn is said to have a curvature
function f (K, ·) :Sn−1 → R, if its surface area measure S(K, ·) is absolutely continuous with
respect to spherical Lebesgue measure S, and
dS(K, ·)
dS
= f (K, ·). (1.1)
Let Fn denote the set of all bodies in Kn that has a positive continuous curvature function.
For K ∈Fn, the classical affine surface area of K , Ω(K), is defined by (see [13,14,17,20])
Ω(K) =
∫
Sn−1
f (K,u)
n
n+1 dS(u). (1.2)
The mixed affine surface area was showed by Lutwak (see [13]). For K1, . . . ,Kn ∈ Fn,
the mixed affine surface area, Ω(K1, . . . ,Kn), of K1, . . . ,Kn is defined by
Ω(K1, . . . ,Kn) =
∫
Sn−1
[
f (K1, u) · · ·f (Kn,u)
] 1
n+1 dS(u), (1.3)
where if K1 = · · · = Kn−i = K , Kn−i+1 = · · · = Kn = L (i = 0, . . . , n), we denote Ωi(K,L) =
Ω(K, . . . ,K,L, . . . ,L), with n − i copies of K , and i copies of L. If i is any real, Lutwak [13]
defined that: For K,L ∈ Fn, i ∈ R, the ith mixed affine surface area, Ωi(K,L), of K,L is
defined by
Ωi(K,L) =
∫
Sn−1
f (K,u)
n−i
n+1 f (L,u)
i
n+1 dS(u). (1.4)
From definitions (1.2) and (1.4), it is obvious that
Ωi(K,K) = Ω(K).
Further, Lutwak [13] proved the following cycle inequality of the ith mixed affine surface
area.
Theorem A. If K,L ∈Fn, i, j, k ∈R and i < j < k, then
Ωi(K,L)
k−jΩk(K,L)j−i Ωj(K,L)k−i , (1.5)
with equality if and only if K and L are homothetic.
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gether with (1.4) lead to
Ωi(K) =
∫
Sn−1
f (K,u)
n−i
n+1 dS(u), (1.6)
where Ωi(K) is called ith mixed affine surface area of K ∈ Fn (see [13]). It follows from (1.2)
and (1.6) that we have Ω0(K) = Ω(K) when i = 0.
A convex body K ∈Kno is said to have a Lp-curvature function (see [17]) fp(K, ·) :Sn−1 →R,
if its Lp-surface area measure Sp(K, ·) is absolutely continuous with respect to spherical
Lebesgue measure S, and
dSp(K, ·)
dS
= fp(K, ·). (1.7)
Let Fno , Fns denote the set of all bodies in Kno , Kns , respectively, and both of them have a pos-
itive continuous curvature function.
Lutwak [17] showed the Lp-affine surface area as follows: For K ∈Fno , the Lp-affine surface
area, Ωp(K), of K is defined by
Ωp(K) =
∫
Sn−1
fp(K,u)
n
n+p dS(u). (1.8)
Associated with Lp-affine surface area, Lutwak [17] also proved the following Blaschke–Santaló
inequality.
Theorem B. If K ∈Kns , p  1, then
Ωp(K)Ωp
(
K∗
)
 (nωn)2, (1.9)
with equality if and only if K is an ellipsoid. Here K∗ denotes the polar of K .
Furthermore, Lutwak [17] introduced the notion of Lp-mixed affine surface area. For p  1,
the Lp-mixed affine surface area, Ωp(K1, . . . ,Kn), of K1, . . . ,Kn ∈Fno is defined by
Ωp(K1, . . . ,Kn) =
∫
Sn−1
[
fp(K1, u) · · ·fp(Kn,u)
] 1
n+p dS(u). (1.10)
From (1.10), let K1 = · · · = Kn−i = K and Kn−i+1 = · · · = Kn = L (i = 0, . . . , n), we denote
Ωp,i(K,L) = Ωp(K, . . . ,K,L, . . . ,L), with n − i copies of K , and i copies of L. From this, if
i is any real, we can define that:
For K,L ∈ Fno , p  1, i ∈ R, the ith Lp-mixed affine surface area, Ωp,i(K,L), of K,L is
defined by
Ωp,i(K,L) =
∫
Sn−1
fp(K,u)
n−i
n+p fp(L,u)
i
n+p dS(u). (1.11)
Specially, for the case i = −p, we have that
Ωp,−p(K,L) =
∫
Sn−1
fp(K,u)fp(L,u)
−p
n+p dS(u).
If p = 1, then Ω1,−1(K,L) is just Ω−1(K,L) (see [14]).
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Ωp,i(K,B) = Ωp,i(K), (1.12)
by (1.7) we get fp(B, ·) = 1, which together with (1.11) and (1.12) yield
Ωp,i(K) =
∫
Sn−1
fp(K,u)
n−i
n+p dS(u), (1.13)
where, Ωp,i(K) is called the ith Lp-mixed affine surface area of K ∈Fno .
Obviously, from (1.4), (1.8), (1.11) and (1.13), we have that
Ω1,i (K,L) = Ωi(K,L), (1.14)
Ωp,0(K) = Ωp(K), (1.15)
Ωp,i(K,K) = Ωp(K), (1.16)
Ωp,0(K,L) = Ωp(K), (1.17)
Ωp,n(K,L) = Ωp(L). (1.18)
In this article, we first extend inequality (1.5) to the following result.
Theorem 1. If K,L ∈Fno , p  1, i, j, k ∈R and i < j < k, then
Ωp,i(K,L)
k−jΩp,k(K,L)j−i Ωp,j (K,L)k−i , (1.19)
with equality for p = 1 if and only if K and L are homothetic, for n = p > 1 if and only if K
and L are dilates.
Next, the Minkowski inequality for the ith Lp-mixed affine surface area is shown as follows:
Theorem 2. If K,L ∈Fno , p  1, i ∈R, then for i < 0 or i > n,
Ωp,i(K,L)
n Ωp(K)n−iΩp(L)i; (1.20)
for 0 < i < n,
Ωp,i(K,L)
n Ωp(K)n−iΩp(L)i; (1.21)
with equality in every inequality for p = 1 if and only if K and L are homothetic, for n = p > 1
if and only if K and L are dilates. For i = 0 or i = n, (1.20) (or (1.21)) is identical.
Further, as the extension of inequality (1.9), we have that
Theorem 3. If K,L ∈Fns , p  1, i ∈R, and 0 i  n, then
Ωp,i(K,L)Ωp,i
(
K∗,L∗
)
 (nωn)2, (1.22)
with equality for 0 < i < n and p = 1 if and only if K and L are homothetic ellipsoids, for
0 < i < n and n = p > 1 if and only if K and L are dilate ellipsoids; for i = 0 (or i = n) if and
only if K (or L) is an ellipsoid.
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image belongs to star bodies, thus Cno ⊆ Sno . Combining with the ith Lp-mixed affine surface
area and dual mixed volume, we obtain an interesting result for the volumes and dual quermass-
integrals of Lp-curvature image bodies.
Theorem 4. If K ∈ Cno , p  1, i ∈R, then for i < 0 or i > n,
W˜i(K) ω
i
n
n V (K)
n−i
n ; (1.23)
for 0 < i < n,
W˜i(K) ω
i
n
n V (K)
n−i
n ; (1.24)
with equality in every inequality for p = 1 if and only if K is a ball, for n = p > 1 if and only if
K is a ball centered at the origin. For i = 0 or i = n, (1.23) (or (1.24)) is identical. Here W˜i(K)
is the dual quermassintegrals of K .
Finally, associated with the Blaschke Lp-combination of convex bodies, we respectively give
the Brunn–Minkowski inequality for the ith Lp-mixed affine surface area Ωp,i and the Lp-
curvature image.
2. Some notions
2.1. Support function, radial function and polar of convex body
If K ∈Kn, then its support function, hK = h(K, ·) :Rn → (0,∞), is defined by (see [1,21])
h(K,x) = max{x · y: y ∈ K}, x ∈Rn,
where x · y denotes the standard inner product of x and y. Obviously, h(λK,x) = λh(K,x),
where λ is a positive constant.
If K is a compact star-shaped (about the origin) in Rn, its radial function, ρK = ρ(K, ·) :Rn \
{0} → [0,+∞), is defined by (see [1,21])
ρ(K,x) = max{λ 0: λx ∈ K}, x ∈Rn \ {0}.
If ρK is positive and continuous, then K will be called a star body (about the origin). Let Sno
denote the set of star bodies (about the origin) in Rn. Two star bodies K and L are said to be
dilates (of one another) if ρK(u)/ρL(u) is independent of u ∈ Sn−1.
If K ∈Kno , the polar body of K , K∗, is defined by (see [1,21])
K∗ = {x ∈Rn: x · y  1, y ∈ K}. (2.1)
Obviously, we have (K∗)∗ = K .
From definition (2.1), we know that: If K ∈Kno , then the support and radial functions of K∗,
the polar body of K , are defined respectively by (see [1,21])
hK∗ = 1
ρK
and ρK∗ = 1
hK
. (2.2)
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For K,L ∈ Kn, and ε > 0, the Minkowski linear combination K + εL ∈ Kn is defined by
(see [1])
h(K + εL, ·) = h(K, ·) + εh(L, ·).
For K,L ∈ Kno , p  1 and ε > 0, the Firey Lp-combination K +p ε · L ∈ Kno is defined by
(see [16])
h(K +p ε · L, · )p = h(K, ·)p + εh(L, ·)p,
where “·” in ε · L denotes the Firey scalar multiplication.
If K,L ∈Kno in Rn, then for p  1, the Lp-mixed volume, Vp(K,L), of K and L is defined
by (see [16])
n
p
Vp(K,L) = lim
ε→0+
V (K +p ε · L) − V (K)
ε
.
Corresponding to each K ∈Kno , there is a positive Borel measure, Sp(K, ·), on Sn−1 such that
(see [16])
Vp(K,Q) = 1
n
∫
Sn−1
h(Q,u)p dSp(K,u), (2.3)
for each Q ∈ Kno . The measure Sp(K, ·) is just the Lp-surface area measure of K , which is
absolutely continuous with respect to classical surface area measure S(K, ·), and has Radon–
Nikodym derivative
dSp(K, ·)
dS(K, ·) = h(K, ·)
1−p. (2.4)
It follows from (2.4) that S1(K, ·) is just S(K, ·).
From (2.4), for the constant λ > 0, since S(λK, ) = λn−1S(K, ·), thus Sp(λK, ·) =
λn−pSp(K, ·), this together with formula (2.3), we have that
Vp(λK,Q) = λn−pVp(K,Q). (2.5)
The Lp-Minkowski inequality was given by Lutwak (see [16,17]): If K,L ∈ Kno and p  1,
then
Vp(K,L) V (K)
n−p
n V (L)
p
n ,
with equality for p = 1 if and only if K and L are homothetic, for p > 1 if and only if K and L
are dilates.
Together with the Lp-Minkowski inequality, an immediate result can be obtained:
Lemma 1. (See [17].) If K,L ∈Kno , n = p > 1, and for all Q ∈Kno ,
Vp(K,Q) = Vp(L,Q),
then K = L.
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Lutwak [17] showed the notion of Lp-curvature image as follows: For each K ∈Fno and real
p  1, define ΛpK ∈ Sno , the Lp-curvature image of K , by
ρ(ΛpK, ·)n+p = V (ΛpK)
ωn
fp(K, ·). (2.6)
Note that for p = 1, this definition differs from that of classical curvature image (see [17]).
For the Lp-curvature image and Lp-affine surface area, we have the following result.
Lemma 2. If K ∈Fno , p  1, then
V (ΛpK)
p
n+p = 1
n
ω
− n
n+p
n Ωp(K). (2.7)
Proof. According to the volume formula
V (Q) = 1
n
∫
Sn−1
ρ(Q,u)n dS(u),
from (2.6) and (1.8), we have
V (ΛpK) = 1
n
∫
Sn−1
ρ(ΛpK,u)
n dS(u)
= 1
n
∫
Sn−1
(
V (ΛpK)
ωn
fp(K,u)
) n
n+p
dS(u)
= 1
n
(
V (ΛpK)
ωn
) n
n+p ∫
Sn−1
fp(K,u)
n
n+p dS(u)
= 1
n
(
V (ΛpK)
ωn
) n
n+p
Ωp(K).
This immediately yields (2.7). 
2.4. Dual mixed volume and dual quermassintegrals
The dual mixed volume was given by Lutwak [10]. For K1,K2, . . . ,Kn ∈ Sno , the dual mixed
volume, V˜ (K1,K2, . . . ,Kn), of K1,K2, . . . ,Kn is defined by
V˜ (K1,K2, . . . ,Kn) = 1
n
∫
Sn−1
ρK1(u)ρK2(u) · · ·ρKn(u)dS(u).
If K1 = · · · = Kn−i = K , Kn−i+1 = · · · = Kn = L (i = 0, . . . , n), we write
V˜i (K,L) = V˜ (K, . . . ,K,L, . . . ,L),
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mixed volume of K,L ∈ Sno (see [1,10,21]), and
V˜i (K,L) = 1
n
∫
Sn−1
ρK(u)
n−iρL(u)i dS(u). (2.8)
In (2.8), let L = B and denote V˜i(K,B) = W˜i(K), together with ρB(u) = 1 for all u ∈ Sn−1,
the definition of dual quermassintegrals can be stated that: For K ∈ Sno , i ∈R, the dual quermass-
integrals, W˜i(K), of K is defined (see [1,10,21]) by
W˜i(K) = 1
n
∫
Sn−1
ρ(K,u)n−i dS(u). (2.9)
3. The proofs of theorems
Proof of Theorem 1. For p = 1, Theorem 1 is just Theorem A by (1.14), its proof was completed
by Lutwak (see [13]).
For p > 1, using the definition (1.11) of ith Lp-mixed affine surface area and Hölder’s in-
equality (see [2]), we have that
Ωp,i(K,L)
k−j
k−i Ωp,k(K,L)
j−i
k−i
=
[ ∫
Sn−1
fp(K,u)
n−i
n+p fp(L,u)
i
n+p dS(u)
] k−j
k−i
×
[ ∫
Sn−1
fp(K,u)
n−k
n+p fp(L,u)
k
n+p dS(u)
] j−i
k−i
=
{ ∫
Sn−1
[
fp(K,u)
(n−i)(k−j)
(n+p)(k−i) fp(L,u)
i(k−j)
(n+p)(k−i)
] k−i
k−j dS(u)
} k−j
k−i
×
{ ∫
Sn−1
[
fp(K,u)
(n−k)(j−i)
(n+p)(k−i) fp(L,u)
k(j−i)
(n+p)(k−i)
] k−i
j−i dS(u)
} j−i
k−i

∫
Sn−1
fp(K,u)
n−j
n+p fp(L,u)
j
n+p dS(u)
= Ωp,j (K,L),
so inequality (1.19) is obtained. According to the condition of equality holds in Hölder’s inequal-
ity, we know the equality holds in inequality (1.19) if and only if for any u ∈ Sn−1,
fp(K,u)
n−i
n+p fp(L,u)
i
n+p
f (K,u)
n−k
n+p f (L,u)
k
n+pp p
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dSp(K,u) = c dSp(L,u),
for any u ∈ Sn−1, where c is a constant. Using formula (2.3), then above equality can be rewritten
that
Vp(K,Q) = cVp(L,Q),
for all Q ∈Kno . Thus if n = p, and using (2.5), then
Vp(K,Q) = Vp
(
c
1
n−p L,Q
)
,
for all Q ∈Kno . From this and Lemma 1, we see K and L are dilates when n = p > 1, hence the
case of equality holds in inequality (1.19) is obtained. 
Taking L = B in Theorem 1 and using (1.12), we immediately obtain that
Corollary 1. If K ∈Fno , p  1, i, j, k ∈R and i < j < k, then
Ωp,i(K)
k−jΩp,k(K)j−i Ωp,j (K)k−i ,
with equality for p = 1 if and only if K is a ball, for n = p > 1 if and only if K is a ball centered
at the origin.
Proof of Theorem 2. For i > n, using (1.8), (1.11) and Hölder’s inequality, then
Ωp,i(K,L)
n
i Ωp(K)
i−n
i
=
[ ∫
Sn−1
fp(K,u)
n−i
n+p fp(L,u)
i
n+p dS(u)
] n
i
[ ∫
Sn−1
fp(K,u)
n
n+p dS(u)
] i−n
i
=
[ ∫
Sn−1
(
fp(K,u)
n(n−i)
i(n+p) fp(L,u)
n
n+p
) i
n dS(u)
] n
i
×
[ ∫
Sn−1
(
fp(K,u)
n(i−n)
i(n+p)
) i
i−n dS(u)
] i−n
i

∫
Sn−1
fp(L,u)
n
n+p dS(u)
= Ωp(L),
this gets inequality (1.20). According to the condition of equality holds in Hölder’s inequality,
we see with equality in inequality (1.20) if and only if fp(K,u)/fp(L,u) (p  1) is a constant
for any u ∈ Sn−1, i.e., if p = 1, then K and L are homothetic (see [13]), if n = p > 1, then K
and L are dilates.
Similar to the above proof, for i < 0 and 0 < i < n, we may respectively prove inequality
(1.20) and (1.21).
For i = 0 (or i = n), from (1.17) (or (1.18)), we easily see (1.20) (or (1.21)) is identical. 
Let L = B in Theorem 2, from the fact Ωp(B) = nωn and (1.12), we have that
350 W. Wang, G. Leng / J. Math. Anal. Appl. 335 (2007) 341–354Corollary 2. If K ∈Fno , p  1, i ∈R, then for i < 0 or i > n,
Ωp,i(K)
n  (nωn)iΩp(K)n−i; (3.1)
for 0 < i < n,
Ωp,i(K)
n  (nωn)iΩp(K)n−i; (3.2)
with equality in every inequality for p = 1 if and only if K is a ball, for n = p > 1 if and only if
K is a ball centered at the origin. For i = 0 or i = n, (3.1) (or (3.2)) is identical.
Proof of Theorem 3. For 0 < i < n, using inequalities (1.21) and (1.9), we have that
Ωp,i(K,L)
nΩp,i
(
K∗,L∗
)n  [Ωp(K)Ωp(K∗)]n−i[Ωp(L)Ωp(L∗)]i  (nωn)2n,
from this, inequality (1.22) is obtained. According to the conditions of equality hold in (1.21)
and (1.9), we know that the equality holds in inequality (1.22) for p = 1 if and only if K and L
are homothetic ellipsoids, for n = p > 1 if and only if K and L are dilate ellipsoids.
For i = 0 (or i = n), from (1.17) (or (1.18)) and inequality (1.9), we see that inequality (1.22)
obviously is true, and with equality if and only if K (or L) is an ellipsoid. 
Before the proof of Theorem 4, we require the following lemmas.
Lemma 3. If K,L ∈Fno , p  1, i ∈R, then
Ωp,i(K,L) = n
[
ωnn
V (ΛpK)n−iV (ΛpL)i
] 1
n+p
V˜i(ΛpK,ΛpL). (3.3)
Proof. According to definitions (1.11), (2.6) and (2.8), we get
Ωp,i(K,L) =
∫
Sn−1
[
ωn
V (ΛpK)
ρΛpK(u)
n+p
] n−i
n+p [ ωn
V (ΛpL)
ρΛpL(u)
n+p
] i
n+p
dS(u)
=
[
ωnn
V (ΛpK)n−iV (ΛpL)i
] 1
n+p ∫
Sn−1
ρΛpK(u)
n−iρΛpL(u)i dS(u)
= n
[
ωnn
V (ΛpK)n−iV (ΛpL)i
] 1
n+p
V˜i(ΛpK,ΛpL). 
Taking L = B in Lemma 3, we also have that
Lemma 4. If K ∈Fno , p  1, i ∈R, then
W˜i(ΛpK) = 1
n
[
V (ΛpK)
ωn
] n−i
n+p
Ωp,i(K). (3.4)
Proof. From fp(B, ·) = 1 and (2.6), we have that for all u ∈ Sn−1,
ρΛpB(u)
n+p = V (ΛpB), (3.5)ωn
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V (ΛpB)
p
n+p = 1
n
ω
− n
n+p
n Ωp(B) = ω
p
n+p
n ,
i.e., V (ΛpB) = ωn. From this and (3.5), we know ρΛpB(u) = 1 for all u ∈ Sn−1, which im-
plies ΛpB = B . Hence, taking L = B in Lemma 3 and combining with definitions (1.11),
(2.8) and (2.9), we obtain that Ωp,i(K,B) = Ωp,i(K) and V˜i (ΛpK,ΛpB) = V˜i (ΛpK,B) =
W˜i(ΛpK), respectively. These together with (3.3), we get (3.4). 
Proof of Theorem 4. For i < 0 or i > n, from (3.4) and (3.1), we have that for L ∈Fno ,
W˜i(ΛpL)
1
n
[
V (ΛpL)
ωn
] n−i
n+p
(nωn)
i
n Ωp(L)
n−i
n ,
which together with (2.7) yield
W˜i(ΛpL)
1
n
[
V (ΛpL)
ωn
] n−i
n+p
(nωn)
i
n
[
nω
n
n+p
n V (ΛpL)
p
n+p
] n−i
n
= ω
i
n
n V (ΛpL)
n−i
n . (3.6)
According to the condition of equality holds in inequality (3.1), we know with equality in in-
equality (3.6) for p = 1 if and only if L is a ball, for n = p > 1 if and only if L is a ball centered
at the origin.
Since K ∈ Cno , we take K = ΛpL in (3.6), then
W˜i(K) ω
i
n
n V (K)
n−i
n ,
which is just inequality (1.23). Because of L is a ball (centered at the origin) if and only if ΛpL
is a ball (centered at the origin) by the definition (2.6) of Lp-curvature image. Therefore, from
the case of equality hold in (3.6), we see with equality in inequality (1.23) for p = 1 if and only
if K is a ball, for n = p > 1 if and only if K is a ball centered at the origin.
Similarly, from (3.4) and (3.2), we can prove inequality (1.24) is also true when 0 < i < n.
For i = 0 or i = n, since (3.1) (or (3.2)) is identical, thus (1.23) (or (1.24)) is identical. 
4. The Brunn–Minkowski inequality
In the section, by using the Blaschke Lp-combination of convex bodies, we shall prove the
Brunn–Minkowski inequality for the Lp-mixed affine surface area and the Lp-curvature image,
respectively.
The definition of classical Blaschke combination for convex bodies may be stated that
(see [1]): For K,L ∈Kn, the classical Blaschke combination, K +˘L ∈Kn, of K and L is defined
by
dS(K +˘ L, ·) = dS(K, ·) + dS(L, ·). (4.1)
For the classical Blaschke combination, Lutwak [13] proved the following Brunn–Minkowski
inequality associated with the mixed affine surface area.
352 W. Wang, G. Leng / J. Math. Anal. Appl. 335 (2007) 341–354Theorem C. If K,L ∈Fn, i ∈R, then for i > −1,
Ωi(K +˘ L)n+1n−i Ωi(K)n+1n−i + Ωi(L)n+1n−i ; (4.2)
for i < −1,
Ωi(K +˘ L)n+1n−i Ωi(K)n+1n−i + Ωi(L)n+1n−i ; (4.3)
with equality in every inequality if and only if K and L are homothetic. For i = −1,
(4.2) (or (4.3)) is identical.
The definition of Blaschke Lp-combination for convex bodies was given by Lutwak (see [16]).
For K,L ∈Kns , n = p  1, the Blaschke Lp-combination, K +˘p L ∈Kns , of K and L is defined
by
dSp(K +˘p L, ·) = dSp(K, ·) + dSp(L, ·). (4.4)
From (4.4) and (1.7), it is obvious that
fp(K +˘p L, ·) = fp(K, ·) + fp(L, ·). (4.5)
Under the definition (4.4) of Blaschke Lp-combination, we can give the Brunn–Minkowski
inequality for the ith Lp-mixed affine surface area Ωp,i . So we obtain an extension of Theorem C
as follows:
Theorem 5. If K,L ∈Fns , n = p  1, i ∈R, then for i > −p,
Ωp,i(K +˘p L)
n+p
n−i Ωp,i(K)
n+p
n−i + Ωp,i(L)
n+p
n−i ; (4.6)
for i < −p,
Ωp,i(K +˘p L)
n+p
n−i Ωp,i(K)
n+p
n−i + Ωp,i(L)
n+p
n−i ; (4.7)
with equality in every inequality for p = 1 if and only if K and L are homothetic, for p > 1 if
and only if K and L are dilates. For i = −p, (4.6) (or (4.7)) is identical.
Proof. According to the integral form of Minkowski inequality (see [2]), for i > −p, we have
that by using (1.13) and (4.5):
Ωp,i(K)
n+p
n−i + Ωp,i(L)
n+p
n−i
=
[ ∫
Sn−1
fp(K,u)
n−i
n+p dS(u)
] n+p
n−i
+
[ ∫
Sn−1
fp(L,u)
n−i
n+p dS(u)
] n+p
n−i

[ ∫
Sn−1
(
fp(K,u) + fp(L,u)
) n−i
n+p dS(u)
] n+p
n−i
=
[ ∫
Sn−1
fp(K +˘p L,u)
n−i
n+p dS(u)
] n+p
n−i
= Ωp,i(K +˘p L)
n+p
n−i ,
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know with equality in (4.6) if and only if fp(K,u)/fp(L,u) is a constant for all u ∈ Sn−1, i.e.,
for p = 1 if and only if K and L are homothetic, for n = p > 1 if and only if K and L are dilates.
For i < −p, using the same way as the above, we can prove inequality (4.7) is right.
For i = −p, by (1.13) and (4.5), we easily see (4.6) (or (4.7)) is identical. 
In particular, let i = 0 in inequality (4.6) and together with (1.15), we have that
Corollary 3. If K,L ∈Fns , n = p  1, then
Ωp(K +˘p L)n+pn Ωp(K)n+pn + Ωp(L)n+pn , (4.8)
with equality for p = 1 if and only if K and L are homothetic, for p > 1 if and only if K and L
are dilates.
From (4.8) and (2.7), we also obtain the Brunn–Minkowski inequality for Lp-curvature image
corresponding to Blaschke Lp-combination as follows:
Theorem 6. If K,L ∈Fns , n = p  1, then
V
(
Λp(K +˘p L)
) p
n  V (ΛpK)
p
n + V (ΛpL)pn ,
with equality for p = 1 if and only if K and L are homothetic, for p > 1 if and only if K and L
are dilates.
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